for j 1 and j 2 two consecutive indices in J p n being parametrized linearly by an interval of length 1/(ϕ(p n ) − 1) by the most natural continuous way.
The function (a, b) → Kl p n ( * ; (a, b)) is viewed as a random variable on the probability space Z/p n Z × × Z/p n Z × endowed with the uniform probability measure with values in the Banach space of complex-valued continuous functions on [0, 1] endowed with the supremum norm, say
Let µ be the probability measure given by
for the Dirac measure δ 0 at 0 and
for any real-valued continuous function f on [−2, 2]. Let (U h ) h∈Z be a sequence of independent identically distributed random variables of probability law µ and let Kl be the C [Lor96] . Note that n 2 is fixed in this work, although most of our ingredients work for arbitrary n as well. Then, one has to prove that the sequence of The proof of this tightness property in Theorem B follows the strategy outlined in [KS16] . The core of the proof is a uniform estimate of the shape ] for a discussion on such issues in the prime moduli case. It turns out that for n large enough, such estimate follows from the work contained in [Kor16] .
Finally, one can mention that it seems quite natural to consider the same questions in the regime p a fixed prime number and n 2 tends to infinity, or even in a more complicated regime when both p and n vary.. This problem, both theoretically and numerically, seems to be of completely different nature.
1.3. Organization of the paper. The explicit description of the Kloosterman paths and some required results proved in [RR18] are given in Section 2. Section 3 deals with Korolev's estimate for short Kloosterman sums of powerful moduli. The tightness condition is proved in Section 4. Theorems A and B are proved in Section 5.
1.4. Notation. The main parameter in this paper is an odd prime p, which tends to infinity. Thus, if f and g are some C-valued function of the real variable then the notations
mean that | f (p)| is smaller than a "constant", which only depends on A, times g (p) at least for p large enough.
Throughtout the paper, n 2 is a fixed integer and b 0 is a fixed non-zero integer.
For any real number x and integer k,
For any finite set S, |S| stands for its cardinality. We will denote by ε an absolute positive constant whose definition may change from one line to the next one.
The notation × means that the summation is over a set of integers coprime with p. 
These sums are numbered by defining
It implies that the enumeration is given by
For any j ∈ {1, . . . , ϕ(p n ) − 1}, we parametrize the open segment
and obtain the parametrization of γ p n (a, b 0 ) given by
Since z j ((a, b 0 ); p n ), z j +1 ((a, b 0 ); p n ) has length p −n/2 , we have
2.2. Approximation of the Kloosterman path. For a in Z/p n Z × , let us define a step function on the segment [0, 1] by, for any k ∈ 1, . . . , p n−1 ,
(2.3) where
In addition, let us define for h in Z/p n Z and 1 k p n−1 ,
e p n (hx) .
(2.4)
These coefficients are nothing else than the discrete Fourier coefficients of the finite union of intervals given by 1 x x k (t ) with (p, x) = 1 for 1 k p n−1 . Let us assume from now on that N > p n/2 and let us denote by k the integer part of N /p n/2 . One can decompose the interval I into a disjoint union of the k − 1 intervals
of lengths p n/2 and of the interval 
Proof of Lemma 4.2. Note that
Let us assume that j − 1 ϕ p n − 1 t j ϕ p n − 1 where 1 j ϕ p n − 1. Two cases can occur. If
by (4.1) and (2.2). If
The first term is less than
whereas the second term is less than 
where This implies the desired result.
Proof of Lemma 4.4. Let us assume that
We recall the definitions of constants γ 1 and γ 2 from Proposition 3.1. We now observe that by Lemma 4.6 and the bound (4.6), this last expression is bounded by O α log 4−α p n (t − s) 2 + (t − s) 1+δ/(n/2−δ) , which implies the desired result. 
